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Geometry on the Cubic Scroll of the Second Kind. 

By Frederick C, Ferry. 



It is the object of the present paper to give a detailed treatment of several 
of the more interesting questions of the geometry on the cubic scroll of the 
second kind, and especially to consider the surfaces which can be passed through 
any curve on this scroll, so far as the orders of those surfaces and the natures of 
the residual intersections are concerned. Among published articles, those bear- 
ing most directly on the subject proposed are perhaps the following: 

Clebsch, "Die Geometrie auf den Flachen dritter Ordnung." Kronecker 
J., LXV., 359-380. 

Chasles, "Ueber die Steiner'sche Flache." Kronecker J., LXVIL, 1-22. 

Chasles, " Bemerkung fiber die Geometrie auf den windschiefen Flachen 
dritter Ordnung." Math. Ann., I., 634-636. 

Voss, "Zur Theorie der windschiefen Flachen." Math. Ann., VIII., 54-135. 

Halphen, "Sur la classification des Courbes algebriques." J. de l'Bc. Pol., 
LII. 

Noether, " Zur Grundlegung der Theorie algebraischen Kaumcurven." Ber- 
lin, 1883. 

Sturm, "Ueber die Ourven auf der allgemeinen Flache dritter Ordnung." 
Klein, Math. Ann., XXL, 457-515. 

Rohn, "Die Kaumcurven auf den Flachen dritter Ordnung." Leipz. Ber., 
XLVL, 84-119. 

And, in general, the methods employed and the results obtained in the fol- 
lowing pages will be found to be analogous to those presented in a paper by the 
present writer on the " Geometry on the Cubic Scroll of the First Kind," pub- 
lished in the Archiv for Matheraatik og Naturvidenskab, B. XXI., Nr. 3. 
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I. — The Cubic Scroll of the Second Kind. 

The equation in homogeneous coordinates of the cubic scroll of the second 

kind is 

y 3 — x (ys + xz) = 0. 

Let this equation, or the surface itself, as the case may demand, be denoted by 
2. The double line on 2 is given by x = 0, y = ; the plane x = touches 2 
along the entire length of the double line, and hence contains that line three 
times ; every other plane through the double line contains that line twice, and 
every plane through the double line cuts out a generator from 2, the generator 
cut out by the plane x= being coincident with the double line. The plane 
y = is not a determinate plane, for the substitution of y -f 6x for y, with a 
corresponding change in the coordinates z and s, leaves 2 unchanged in form. 
The planes a = and s = change with the plane y = and are not determined 
when the plane y = is determined, for the substitution of z + %x and s + "ky 
for z and s respectively leaves 2 unchanged in form. The tangent planes to 2 
at any point of the double line are x = and the tangent plane to the hyperbo- 
loid ys + xz = at that point ; these two tangent planes coincide at the point 
a;= 0,^ = 0, s=0, hence, this point is a pinch-point on 2 . 

Any generator on 2 is given by equations of the form y — ax, z = a?x — as ; 
the generator given by y = o^cc , z = a 3 x — a a s meets the double line at its point 
of intersection with the plane z + a 1 s=Q, hence, the points z = — as on the 
double line correspond to the planes y= ax through the double line, and in par- 
ticular the point s = on the double line corresponds to the plane x = through 
the double line ; i. e., the pinch-point corresponds to the plane which is tangent 
to 2 all along the double line ; thus, to each point of the double line corresponds 
a generator through that point, while to the point s — of the double line cor- 
responds a generator coincident with the double line itself. Therefore, it may 
be said that two generators on 2 meet the double line at every point, of which 
one coincides with the double line itself, while at the pinch-point both generators 
coincide with the double line. 

To distinguish the two sheets of 2 in the neighborhood of the double line 
that will be called the first sheet in which the generators at successive points of 
the double line are distinct, and the other, in which the generator at every point 
of the double line coincides with the double line, will be called the second sheet. 
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II. — Coordinates on 2. 

Assuming x/y = X/(i and y/z = "k/v and inserting these values in 2, there 

results sjy = ^— - — - , whence the coordinates "k, [i, v on 2 are connected with 

the coordinates x, y, z, s on 2 by the relations 

x:y :z:s = k z :k(x: fiv.fi 2 — Xv . 

Along the double line in the first sheet, vjX and v/(t take infinite values, while 
k/(i is finite, and any generator is given by an equation of the form a% + bfi = ; 
hence, any homogeneous equation in % and (i of degree h represents n generators 
lying in the first sheet in the neighborhood of the double line ; and, in particular, 
% = o gives the generator at the pinch-point, and [i = the generator which is 
cut from 2 by the plane y = 0. Given, then, a homogeneous equation in X, (i, v 
representing a curve on 2, to determine the points where this curve or branches 
of this curve lying in the first sheet in the neighborhood of the double line meet 
the double line, it is necessary only to put v/% = v/(i = <x> or %\v = (i/v = in 
the given equation, whence there will result a homogeneous equation in X and ^ 
giving the generators at the points desired. 

The double line in the second sheet is given by X = , and to its points 
correspond finite values of the ratio p/v ; thus, ap + bv = gives a point on the 
double line in the second sheet ; and, given a homogeneous equation in %, [i, v 
representing a curve on 2, to determine the points where this curve or branches 
of this curve lying in the second sheet in the neighborhood of the double line 
meet the double line, it is necessary only to put X = in the given equation and 
to solve the resulting equation in p and v. 

Any plane ax + by + cz + ds = cuts from 2 a cubic curve whose equa- 
tion in X, p, v is found by direct substitution to be 

al z + &V + cpv + d (i/ — Xv) = 0. 

This curve is found by the methods given above to meet the double line in the 
first sheet where that line is met by the generator c[i — dk = and to meet the 
double line in the second sheet at the point determined by the equation 
cv + dp = ; now these two points, one lying in the first sheet and the other in 
the second sheet, are known to be coincident since they are both cut from the 
double line by the same plane ; hence, to the point dp -f cv = on the double 
line in the second sheet corresponds by coincidence that point on the double line 
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in the first sheet which lies on the generator dk — cy, = 0. So, in general, the 
change of fx to k and of v to — ft in the equation determining a point or points 
on the double line in the second sheet gives the equation of the generator or 
generators passing through the same point or points on the double line regarded 
as lying in the first sheet. Thus the point on the double line in the second sheet 
given by [i = lies at the pinch-point in the first sheet, and the point on the 
double line in the second sheet given by v = lies at the point where the gene- 
rator fi = meets the double line in the first sheet. In general, a point on the 
double line will be said to lie in the first sheet or the second sheet according 
as the equation by which it is determined is of the form ak + b[i = or 
a(i -\- bv = ; thus, a homogeneous equation in k and [i of degree n determines n 
points on the double line in the first sheet of 2, and, similarly, a homogeneous 
equation of degree n in p and v determines n points on the double line in the 
second sheet of 2 . 

III. — Curves on 2. 

It is evident that, in general, proper curves on 2 are given by irreducible 
homogeneous equations in k,[t,v. Let such an equation, or the curve repre- 
sented thereby, as the case may demand, be denoted by 4>; let the degree of <£> in 
all three variables be denoted by p and its degree in the variable v by q, whence 
it follows that p>q. If the terms of <£ be arranged according to the powers 
of v , thus: 

$= U p + vU p _ 1 + v 2 U p _ i + +V *U P _ K + +*«D r p _ <r =0, 

where U P _ K denotes a homogeneous polynomial in k and (i of degree p — x, 
then, as has been shown, U p _ q = must give at once the^> — q generators meet- 
ing the double line in the points where that line is met by the curve q> in the 
first sheet ; hence, the curve <£> has p — q points of intersection with the double 
line in the first sheet of 2. 

To find the points of intersection of the curve <£> with any generator 
ak + b(i = 0, it is necessary to substitute — b/a . fi for "k in q> ; having performed 
this substitution, the equation is divisible by a factor (i p ~ 9 ; this factor having 
been rejected, there is left an equation of degree q in ^ and v, which determines 
q points where the curve <p meets the generator in question. Hence, $ has q 
points of intersection with any generator ; thus, <£> has q points of intersection 
with the double line in the second sheet, which points are found by equating k 
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to zero in <£> and solving the resulting equation in ft and v, after rejecting the 
factor (i p ~ q . If $ be arranged according to powers of %, thus : 

<l>=r p + iv p _ 1 + tfv p _ z + .... +w p _ + .... + xv p _ t = o, (t< P ), 

where V p _ e denotes a homogeneous polynomial in fi and v of degree ^> — 0, then 
will V p = fi p ~ q . V' q and V' q = gives the ^ points where the double line is met by 
the curve q> in the second sheet. Since, then, the curve $ meets the double line 
in p — q points in the first sheet and in q points in the second sheet, it has in all 
p — q + q = p points of intersection with the double line regarded as lying in 
both sheets. Any plane through the double line of 2 contains, in addition to 
that line, a generator of 2; such a plane meets the curve q> in p points on the 
double line and in q points on the generator in question, and hence contains 
p + q points of intersection with the curve ; hence, the order of the curve q> is 
p + q, which will be denoted by m, so that always ni=p -{■ q. The curve $ 
will often be designated as a (p, q), where p and q have the meanings assigned 
above. Thus any generator is a (1, 0), the double line regarded as lying in the 
first sheet is a (0, l) and regarded as lying in the second sheet is a (1, 0) like any 
other generator, while, considered as lying in both sheets, it may be said to be 
a (1, 1), a conic. These results agree entirely with those given in the considera- 
tion of the geometry on the cubic scroll of the first kind, if 2 be regarded as 
obtained from that scroll by allowing the linear director to tend to coincide with 
the double line in the one sheet, while a generator tends to coincide with the 
double line in the other sheet, the former coincidence determining the first sheet 
of 2 and the latter the second sheet of 2; thus, on the cubic scroll of the first 
kind, each generator is a (1, 0), the linear director is a (0, 1), and the double 
director a (1, 1). 

Two curves, (p, q) and (p 1 , q'), are said to belong to the same species when 
p = p' and q^q 1 . The number of distinct species of curves of any order m is 
evidently the greatest integer in in/2, the species (p, 0), consisting in each case 
of only a certain number of generators, being omitted. 

A curve $ will be said to have a pair of branches at any point of the double 
line when two of its branches lying, one in the one sheet and the other in the 
other sheet in the neighborhood of the point, intersect at that point of the double 
line. With reference to the arrangements of the terms of <£, according to powers 
of v and of % respectively, as given above, the condition that 4> have a pair of 
branches at the point where any generator aX -f- b(i = meets the double line is 
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that V p = (aii — bv) .V p _ 1 when U P _ q = (aX + b(i) . U p _ i _ 1 , and that q> have a 
pair of branches wherever it meets the double line, it is necessary and sufficient 
that 

V p = d (ajii — bjvY'. (a i( i — V)" s .... (ajt*— Kvfr. (i v "«, 
when U p _ q =G % (a J, + b l( i) B '. (a.^t + h^)* . . . . (aj. + J^)* 

where a r > 1, /? r > 1, a a + a 2 + + a T = # and ft + & + & = 2> — <Z • 

Here can occur several pairs of branches at any point where $ meets the double 
line, and superfluous branches in addition to the number sufficient to make up 
the pair or pairs of branches at any point can occur. If p = 2q, just as many of 
these superfluous branches will occur in the one sheet as in the other; and if, 
further, a r = (3 r while £> = 2q, then will only pairs of branches be found without 
superfluous branches ; while in this case, if a r = fi r = 1 , these pairs will all occur 
singly. It is geometrically evident that p= 2q when only pairs without super- 
fluous branches occur, or when as many superfluous branches occur in the one 
sheet as in the other, since in either case just as many points of the curve 
must lie on the double line in the one sheet as in the other, demanding that 
p — q = q. 

If U p _ q = (al + b[if. U p _ i _ !i , then will two branches of q>, both lying in 
the first sheet in the neighborhood of the double line, intersect the double line at 
the same point, but without forming thereby a pair of branches as that term has 
been defined. Similarly, if 

U p _ q ={aX+by)\TJ p _ q _ a , 

then will a branches, all lying in the first sheet in the neighborhood of the 
double line, intersect that line at the same point. Likewise, if 

V p =( C( i + dvf. V' p _„ 

then will (3 branches of 4>, all lying in the second sheet in the neighborhood of 
the double line, intersect that line at the same point. 

That every point where q> meets the double line be a multiple point of $ , 
resulting from the intersection on that line of branches lying either in the same 
or in different sheets of 2 in the neighborhoods in question, it is necessary and 
sufficient that 

U P _\T P = G. W-*. (a^ + V)"' • fa* + M' s <***> + M"'> 
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where /? r > 2 and V p is what V p becomes when (i and v have been changed to X 
and — n respectively wherever they occur in it. If /3 r = 2, each point where $ 
meets the double line will be a double point of <£>, in which case p is evidently 
even. 

If U p _ q = 7i a .Vp_ q _ a , then will <p pass through the pinch-point a times, 
while each of the a branches lies in the first sheet in the neighborhood of the 
pinch-point. Similarly, if V p = [i p ~ q+P . V q _ p , then will <£> pass through the 
pinch-point /? times, while each of the /? branches lies in the second sheet in the 
neighborhood of the pinch-point. And, in general, the curve $ has the pinch- 
point for a point of multiplicity y when, and only when,C^,_ g . T p = ^ p ~ q + y . U p - y 
and the point where any generator a% + b(i = meets the double line is a point 
of multiplicity y on the curve ty when, and only when, 

Unless otherwise stated, it will be supposed henceforth that every equation 
<£> employed is homogeneous and irreducible. 

IV. — The Curve q> as the Intersection, Total or Partial, of X with a Surface S. 

To find the equation of a surface S which shall cut the curve q> from X , it is 
necessary to substitute x, y, z and s for %?, ty, [iv and (i 3 — hv respectively in 
the equation $,orinw^, where a is such a factor as shall render this substitu- 
tion possible. Evidently, this factor a must be homogeneous in 2i, (i, v, and let 
its degree be denoted by n', while m' shall denote the degree of the equation atp 
in x, y, z, s after the required substitution has taken place; hence, rnf will 
denote the order of the surface S. If n[ denote the degree of a in the variable 
v, then will a residual intersection of order at least as great as n' + n[ result 
from the intersection of S and 2, and, therefore, that the curve <p be the com- 
plete intersection of S and 2, it is necessary that n' -f- n[= 0; i. e., it must be 

true at once that 

$ =f{tf, ty,nv,(i z — Tlv) = , 

so that the required substitution may be immediately possible. Since in this 
case v enters into <p only in one or both of the combinations fiv and /i 2 — Xv, and 
since one or both of these combinations must make up a term C (ftv) 11 . (ft* — toy 
of q> where a + /3=l/2.jp (else would q> be reducible by the factor X), it is 
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clear that in every case of complete intersection p = 2q. Again, when 

$ =/(^ 3 , ty, V- v . $ — to) = o» 

the intersections of $ with the double line in the first sheet are given by an 
equation which is obtained directly from the above and may be called 

/' ({iv — 9iv)/v 2 = 0; similarly, the intersections of 4> with the double line in the 

second sheet are given by an equation f" ({iv, ^ 2 )//« a = ; if the divisions by v 

and (i be performed, these become respectively/' (/*, — X) = and /"(?/, ft) = ; 

but, since these two equations are made up of the same terms, it is clear that 

f =/" ; it has been shown that two equations f([i, — X) = and f(y, (j.) = 

give the same points of the double line ; hence, when <?> is capable of immediate 

substitution, not only must p=2q, but also every point where $ meets the 

double line must be a multiple point of <p resulting from the occurrence there 

of a pair or pairs of branches without superfluous branches ; the same is 

geometrically evident whenever the intersection is complete. In general, 

m' = 1 / 2 . (p + n') , since the required substitution changes a quadratic to a 

linear factor in every case ; hence, when n' = 0, it follows that m! = 1/2 .p; 

and, since 

I p =p + \p=p + q — m , 

no residual intersection can appear, and the curve $ is the total intersection of a 
surface S of order \p with 2 when, and only when, 

4> =/(/i 2 , Ap , /uv, (U 3 — ;u>) = . 

Thus no curve (^, q), where p is odd, can be the complete intersection of any 
surface S with X. This also is at once evident geometrically. 

If 4>^/(A 2 , fyi,pv,it — to) = 0, 

it will be necessary to multiply q> by such a factor a of degree n' in h, (i, v and 
n[ in v, where n'>l, as. shall render the required substitution possible. The 
curve $ in this case will not be ' the complete intersection of any surface S with 
2, but there will result a residual intersection of order at least as great as 
n' + n[. The order of S being m' = J (p + n') , m' will be a minimum when to' is 
a minimum ; and those surfaces S of the lowest possible orders, cutting the 
curves <£> from 2, are of special interest, and will be given particular attention. 
Since, as has been noticed, the required substitution replaces a quadratic by a 
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linear factor in every case, it is clear that n' must be even when p is even and 
odd when p is odd. 

Since v can be replaced in a<p only in the combinations (iv and kv (the latter 
occurring in the form ^ — kv), it is clear that no term of aty can contain v to a 
power greater than the sum of the powers of k and (i in that term, and this will 
be true especially of those terms of ot<p coming from terms in q> which contain 
the greatest, i. e., the g th power of v ; hence, if p<C 2q, it will be necessary that 
a contain in each of its terms Jl or //., or both, to a power or sum of powers at 
least as much greater than the degree of a in v as is the excess of q over p — q ; 
i. e., it must always be true that p + n! > 2 (q + n[) ; since m' == i (p + n'), it is 
now seen that m' > q -f- n[ , and hence the lowest possible order of S is at least as 
great as q in every case ; it has already been found to be q in the case where 
(p, q) is the total intersection of S and 2. 

If o involves v, then will a contribute to the residual intersection of S and 
2 an irreducible curve of order at least as great as two ; while, if a does not 
involve v, it can bring into the residual intersection only generators, n' in num- 
ber. Therefore, unless otherwise stated, it will be supposed that w is a homo- 
geneous function involving only /I and [i, and consequently representing n' 
generators. 

Having chosen, then, o T for any given curve ty in such a way that p + 1 > 2q 
and even, every term of o T <p = can be at once resolved into a constant times a 
product of powers of kv, (iv, %p, X s and fi z ; and, further, since 

{■Kv)\ ((i 2 y = {iiv)W. O)"- 2 ' 5 . {ky if a > 2(3 

= Qn>y. (tyF~ a - (2?)*-? if 2/3 > a > /? 
= ((ivy. (k(i)\ ([i z y- a if /S > a , 

it follows that this factoring of the terms a T <p = can always be done in such a 
way that no term contains both "kv and $ as factors. When a T $ = has been 
thus factored in each term, the substitution of x, y, z for H 2 , kp, (iv respectively, 
as many times in each term as each of the factors in question occurs there, is at 
once possible ; and thus the equation o T <p — is made to involve the variables 
k, ii, v only in the combinations kv and (/. Since s is to be inserted in place of 
fi z — kv by the required substitution, it is permissible, as a step toward that end, 
to replace kv wherever it occurs in the factored form of a r $ = by n % — s, so 

25 
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that any factor {%v) y now becomes 

{% v y = (^ - s y = Qty + o x {^y-\ s + .... 

containing only s and powers of fi 2 . Thus is a r <p = made to involve only 
x, y, z, s and (i 2 , and in this form, arranged according to powers of [x 2 , it may be 
written thus : 

Z# = (p»)«*+*>. ^ + bty* +*>-». h+ .... 

where ^ represents a homogeneous polynomial in x, y, z, s of degree x. 

Let $i and 6 Z denote the number of times that X and (i respectively occur as 
factors of all the terms of o T , so that a T = X 9 '.fi 0i! . a'_ 9i _ 9ii ; and let it be assumed 
for the present that 6 t = 0. Since the variables x and y can occur in the above 
equation only from the substitution of the same for the combinations %? and \u 
respectively, it is clear that that equation can contain neither of those variables as 
a factor unless the equation a T <p = contain /las a factor ; that case has now 
been excluded, for by supposition q> is irreducible and ^=0. Similarly, since 
the variables z and s enter above only from the substitution of z and (i 2 — s 
respectively for fiv and Xv, it follows that the above equation u> T <p = can have 
neither z nor s as a factor ; for v is not a factor of all the terms of 4> and does not 
occur at all ino T . If ft 2 occur p times as a factor of the equation in question, it may 
be removed by dividing by (i 29 and making a corresponding reduction in a . But 
such a limit can be found for 2 as shall make the occurrence of p 2 thus as a 
factor of this equation impossible, and in the following manner : Among the 
terms of <£> is one at least without p, and consequently of the form O . F""./ 
where 0<a<q; such a term, when multiplied by the term of a T , which is of 
the lowest degree in fi and may be expressed as C. W~ e \ (i°' f will lead to one of 
the terms of lowest degree in [i 2 in the derived equation ; and, if the factoring 
and substitution be performed thus : 

C.W-\v\C'.K-\[i 9 >=C''.(iiv)\(XpY +T - a -\(py'- i < p+ * 
if 6. 2 > £ (p + t) ; or thus : 

if a < g < ^ (p + t) ; or thus : 

= G».([iv)\ (xvy-\ (a.»)* ( * +T) — *s^'<*+u. 
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if $2 = a > aQ d only in the first case does the term in question give rise to a term 
or group of terms containing (i 2 as a factor ; therefore, a term which shall not 
contain the factor (i* will always be found in a T <p = if 2 < % (p + 1) ; and, in 
general, if 2 = \{p -\- 1) + y, then will (^ 3 ) v be a factor of every term of the 
equation a T <p = 0. Unless otherwise stated, it will be supposed henceforth that 
2 <i(p + f) + l. 

Among the terms of $ is one, at least, without 31 and, consequently, of the 
form C(j. p ~ a .v a , where 0<a<q. Such a term, when multiplied by that term 
of g) t which is of the highest degree in (i and may be written G'.ff , when the 
required substitution is performed, gives 

G. (i»-\ v\ G'. f = G". ((ivy. ((/) i(f+ "- = G". ([ij^ +r) - a . z\ 

One or more such terms must always occur in the equation a) T <2> = 0. All the 
terms in 4> which are free from 31, together determine, as has been seen, the 
points where the curve <£> meets the double line in the second sheet ; evidently, 
the lowest value which a takes in these terms is the same as the order of the 
multiplicity on the curve $ of the point X = 0, [i = 0, if that multiplicity have 
reference here only to the order of intersection at the given point of the branches 
of 4> lying in the second sheet in the neighborhood of that point; i.e., if the 
smallest value which a, as here defined, takes in the equation of the given curve 
<£> be denoted by a 1( then will a t give the number of times the curve $ passes 
through the point where the generator (i = meets the double line, that point 
being here regarded as lying in the second sheet. Hence, the equation a T <p = 
may always be written thus : 

^ = (^)^ + ')—.. z «..4, + (ny<*> + *>-\h + .... 

where the first term and one, at least, of the last two terms must occur. Since 
<|> involves the variable v in some term or terms to the power q, but no higher 
power of that variable, and since g> t does not involve v at all, it follows that 
g) t <£) = o has likewise in some term or terms the variable v to the power q, but 
contains no higher power of that variable. Those terms in a T <p = involving 
the q tb power of v have as factors, when that equation has been put in the fac- 
tored form for substitution, the expression or expressions of the form (Xv) p . (fivY 
where p -f- a = q ; these give rise to terms in a T <p = involving s p z", and, con- 
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sequently, the equation 6> T ^> = is of degree q in the variables z, s in some term 
or terms, but of no higher degree in those variables in any term. Therefore, 
•^i(p + T )- K is of degree at least as great as \(p-\-*) — <? — x in the variables 
x, y in every one of its terms. 

The equation 2==y 3 — x (ys -\-xz) = may be written y 3 = xtl if 7t = ys-\-xz . 
Since the substitution of y s for xn or of xn for y s in any or all the terms of the 
equation of any surface S which cuts the curve 4> from 2, is equivalent to 
replacing S by another surface S' whose equation. S' = S + ^' m _ 3 . 2, where S' 
contains the entire intersection of S and 2 and is of the same order as S, it is 
clear that such interchange of y 3 and xn in any of the equations now under con- 
sideration is allowable ; and this means of effecting a change in the equations in 
question will frequently be employed without further explanation. 

Under the conditions of the required substitution, any even power of $ as, 
e. g., (jtt 2 ) 2 '', can be expressed thus : 

(^) a » = {jf)\ (s + to)* 1 = (^s + V^)s = (fo + y*T 

= ([Sy. s" + n . (fJ 2 )"- 1 . a*- 1 , yz + ■ • • • + v • l^s . 3/"- V" 1 + 2/V, 

which, if >7>3, can be expressed otherwise as 
(p»)*> = (^)v + n . 2 )"- V- 1 . yz+ .... 

+ yi ^=^ • G*")V- f~ V- 2 + -£ xt~ V- 1 ( w « + arz) . 

Similarly, any odd power of ^ as, e. g., (/t?) 2,,+1 , can be expressed thus : 

(^)*» + J = (p*)' + V -f ^ . (p 8 ) V - \ yz + .... + n . ([i 2 fs . y* ~ V- 1 + p». y V, 

which, if yi > 2 , can be put thus : 

(p*)»i+i = (^)»+ V + ^ . (^)V- 1 . ya +....+ 37 . (p 8 ) 8 * • y'-V- 1 + -^ a>y»- V . 

By the application of this method of reduction the necessary number of times, 
any power of (/, as, e. g., (/k 8 ) 9 . where 0>3, can be brought into the form 

where y 1 has the value 3 or 4 according as 0=2 K -fp 1 or 2" + p 3 , while 
p 1= 1, 2, 3, ... . 2*- 1 and p 3 = 0, 2"- 1 + 1, 2*" 1 + 2, . . . . , 2* — 1 ; i/,J_ r de- 
notes a homogeneous polynomial in a; , y , z, s of degree — r in all four variables 
together and of degree at least as great as unity in x, y. 
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Applying this method of reduction to a T <p =0, it is evident that, whenever 
4(? + T ) — a i^3, the term (n 2 ) iip + ^-"'z** .^o gives rise to a term or series 
of terms which, arranged according to descending powers of fi*, begin thus : 

and may be written in the form 

(^) v '.(z, s) H * + T) -"+ .... 

and the entire equation thus finally takes the form 

+ W- W(P + r)-S + ^- ^( P + T )-l + ^- ^*(p +r) -1 + ^( P + I ) = 

The terms making up any one of the groups designated by ^-I' (p+T) _ r may be of 
two kinds : first, those obtained by the reduction of terms of u T <p = which 
involve (^ a ) 9 , where 0>5; from the formulas above it is clear that all terms 
entering thus in ^( J) + T) _ 1 must be of degree at least as great as two in x, y, and 
all terms entering thus in i//j' (p+T) _ g must be of degree at least as great as unity 
in x, y; and, secondly, in any group ^h* + *■)-»•> where r>l, there will be 
included the terms of ^ Hp+T) _ r without change therein; terms in ^/(p + rj-a com- 
ing from ^{p + T)-a are known to be of degree as great as \ (p + r) — q — 2 in 
x, y ; and this will be as great as unity whenever J (p + <r) — q > 3 . The first 

group of terms and one, at least, of the last two groups of terms in o T 4> = 0, as 
written above, will in every case actually occur, and y x can have one or both 
the values 3 and 4 but no other ; in case y t takes both the values 3 and 4, the 
first group may be broken up, according to the third and fourth powers of $ 
then occurring, into two groups of terms. 

From the equations of substitution, y s = xn, tf = x, %(i = y, etc., it is 
easily found that 

2? p* = 7? (fa + yz) = y z s -f xyz = yit, 

2fy 6 = 7?$ (fa + yz) = ysn + y s z = (ys + xz) n = n z , 

2?{i 8 = a, 3 (f/s + yz) = ys z 7t + xzsn + yhn = (sn + y 2 z) ft • 
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Consequently, the multiplication of o T <£> = by 7<? will make it possible at once to 
complete the desired substitution and, therefore, leads to the equation of the 
surface Sin the form 

The order of the surface S is m! = \ (p + *) + 1 • The first group of terms in 
the equation as written is of degree two in x , y ; the second group is of 
degree as great as three in x , y if \ (p + t) — q > 3 and as great as two if 
i (P + r ) — 9. < 3 i tne * ast two g rou P s are °f at l east the [4 (p + t) — q -f l] th 
degree in x, y ; and neither the first nor both the last two groups of terms can 
be wanting in the equation ; while, if i(p + t)—q=0, the occurrence in 
a<p = o of a term or terms of the form (%,, n) p + T ~ Q . v q leads to the occurrence in 
the equation of S of a term or terms of the form x . (z, s) i{p + T \ and, consequently, 
the last group of terms must occur whenever \(p-\-t) — q=0.. Hence, if 
i(i ? + T ) — ?^1> the surface S contains the double line of 2 twice and has con- 
tact of order £ (p + r) — q — 1 with the first sheet of 2 all along that line, 
while the two sheets of S form a cuspidal edge of contact with the first sheet of 2 
all along that line when \ (p + r) — q > 3 . If £ (p + t) — q = 0, the surface S 
contains the double line of X once and has contact of the first order with the 
second sheet of 2 all along that line. In either case, the double line of 2 occurs 
as a component of the residual intersection J (p + t) — q + 1 times in the first 
sheet of 2 and twice in the second sheet of 2, making a total order of 
\ (p + t) — q + 3 for its contribution to the order of the residual intersection. 
a T introduces * generators of 2 into the residual intersection, and thus there are 
already found, as belonging to the residual intersection, straight lines together 
making up an order of \ (p + 3t) — q + 3 in that intersection ; and, since 

3 [i (p + *) + 1] — [i (p + 3<r) - q + 3] = p + q = m , 

these lines constitute the entire residual intersection. 

The results given above apply to those cases where \{p + t) — a a has a 
value not less than 3 ; a x has been seen to denote the order of the multiplicity of 
the curve <£> at that point in the second sheet of 2 where the generator (i = 
meets the double line, i. e., the number of points of the curve <£ which lie in the 
second sheet at that point. This is not a singular point of the surface 2 , and, by 
a change of coordinates, it is always possible to give such a form to the equation 
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of the curve $ that a x shall take a lower value, which lower value may, in gene- 
ral, be made to be zero. For this purpose, it is only necessary to choose for the 
plane y = a plane containing no point of the given curve on the double line in 
the second sheet. In this way all cases where \ (p + <r) — a a < 2 can be referred 
to those already considered. But for the sake of obtaining some conditions 
regarding the nature of the surface S, the cases where a x < | (p + t) — 2 will 
now be somewhat further investigated. 

Given, then, a x > \ (p -\- 1) — 2, it is possible, by the methods employed in 
the general case, to reduce a T q> = to the form 

where i^o =£ 0, and hence may be removed by division. There now arise three 
cases, in each of which the equation of the surface S is readily obtained on the 
multiplication of the above equation by 7? and completing the substitution 
throughout. These three cases are 

1. Ifo! = i(p + *)— 2, 

2. Ifa 1 =iQ> + T)— 1, 

in both these cases the first term and one at least of the last two groups of terms will 
occur, and the surface S contains the double line of X twice if ^( p -f t) — q > 1 . 

3. Ifo 1 =i(p + T), 

where the first group of terms is never wanting, and the surface S contains the 
double line of 2 once. In all three cases iJ4(p4-t)-i is of degree as great as unity 
in x , y ; hence, if \ (p + <r) — q> 1 , the surface S contains the double line of X 
twice and has contact of order \ (p + f ) — <? — 1 with the first sheet of X all 
along that line ; and, if \ (p + t) — <? = , the surface S contains the double 
line of 2 once and has contact of the first order with the second sheet of X all 
along that line. Therefore, here, just as in the general case, the residual inter- 
section is entirely made up of the double line of X occurring ^ (p + t) — q -f 1 
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times in the first sheet and twice in the second sheet of 2, and of generators of 2 
to the total order t introduced by o T . 

Since the surface S contains the curve <£> but once in general, the equation 
of that surface will not contain 2, nor the equation of any other second surface 
through the given curve, as a factor of all its terms ; and, since <p is by supposi- 
tion a proper curve and the entire intersection of S with 2 has been found to 
consist of the curve <|> and straight lines, it appears that the only cases in which 
S is an improper surface occur when S is made up of a surface containing the 
given curve and another surface or surfaces cutting from X only straight lines, 
the double line and generators of X. Such supplementary surfaces are made up 
of planes through the double line of X, and, consequently, are represented by 
equations of the form ax -f by = . Thus S will be, in general, an improper 
surface only when its equation contains one or more polynomials of the form 
ax + by as a factor or factors of all its terms. Since these polynomials are each 
homogeneous in the variables x, y, if the terms of the equation of S be arranged 
in groups according to the degrees of those terms in x , y , every such group must 
by itself contain each such polynomial ax + by as a factor ; and, since the equa- 
tion of the surface Sib in no case of greater degree than two in x, y, not more 
than two factors of the required form can ever occur. 

If, then, ax + by be a factor of all the terms of the equation of S, the plane 
ax + by = cuts from X a generator introduced into the residual intersection by 
6) T , unless 6=0; and if any other of the single infinity of generators of 2 be sub- 
stituted in 6> T for the generator cut out by the plane in question, the existence of 
a corresponding factor will, in general, be impossible in the equation of S, and 
the surface will become in that case a proper surface. To determine in what 
cases b can have the value zero, let it be supposed that a; is a factor of every term 
in the equation of S; the plane aj = contains the double line in the second 
sheet of X twice ; the residual intersection of S with X contains that line 
in that sheet also twice ; if, now, the factor x be removed from the equation of 
S, leaving the equation of a surface S' of order \{p + <r), the residual intersec- 
tion of S' with X cannot contain the double line in the second sheet of X at all ; 
but, if J (p -f- t) — q > 1 , the equation of S being of the second degree in x , y, 
the equation of S' must be of the first degree in those variables, and hence 
the double line of X must still occur at least once in the residual intersection of 
S' with 2 ; and, if i(i> + r) — g , = 0, the equation of S 1 will be of zero 
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degree in x, y, and, consequently, the residual intersection cannot contain the 
double line of X ; on the double line in the first sheet of 2 are p — q points 
of the given curve and t points where the * generators in a T meet that line, while 
on that line in the second sheet of 2 are q points of the curve only ; since the 
curve and the <r generators must make up the entire intersection of S' with 2 , 
it is evident that either t = or else the t generators are so chosen and the 
nature of the curve is such that the combined locus of the curve and the <r 
generators have a pair or pairs of branches wherever it meets the double line ; 
since this latter condition is not, in general, fulfilled (and may always be 
avoided by appropriate choice of o T if <r =£ 0) , it follows that t must here have 
the value zero. But in that case p = 2q, m! = \ (p + r) = \p , and the case is 
that of complete intersection which has been excluded from the cases now under 
consideration. From another point of view, since the equation of the curve con- 
tains a term ft~ a \ v" 1 , there must occur in a T <p = a term of the form (i p+T ~" 1 . v a > 
and x can be a factor of all the terms of the equation of S only if here 
p + t — o<-iS a ii °ut this condition can be satisfied only when p -\- t = 2a 2 = 2q 
(since a x = q), and hence, as explained on page 189, the curve q> must have all its 
branches in the second sheet in the neighborhood of the double line meet that 
line at the point where the generator [i = meets it ; in other words, the point 
in the second sheet where the generator (i = meets the double line is a g'-tuple 
point of the curve $ in that sheet; and not only must every branch of the curve 
4> in the first sheet of 2 in the neighborhood of the double line pass through this 
same point, making it (p — g^-tuple in the first sheet, and hence a p-tuple point 
on the curve ^ as a whole, but also must a T have been made up entirely of the 
generator (i = occurring t times, which, in general, will not be the case. 
Hence, the cases of complete intersection being excepted, the equation of the sur- 
face S will contain the factor x only when a T has, been chosen in a very special 
form, i. e., when o T = (i 7 or G . ft. 

It has been seen that, when \ (p + t) — a x > 3 , the equation of S has the 
form 

/S = 7t 3 .( S , S )*^+ T >- 3 + 7 t.^' ( ; + T) _ 1 + 2/ 3 .^ (p+T) _ 1 +a ; .^ ( , +T) = 0. 

If | (p + <r) — q > 3 , the only terms occurring here in the second degree in x , y 

are contained in the first group and involve those variables in the form (xs + yzf ; 

hence, no factor of the form ax + by can occur in this case and S is a proper 

surface. If i (p + r) — q = 2, terms of the second degree in x, y occur only in 
26 
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the first two groups of terms and all have the factor n ; therefore, at most, a 
single factor ax + by can here be found ; if such a factor does occur, the plane 
ax + by = cuts from 2 a generator contained in a T , and the substitution of any 
other generator in that expression in place of the one there occurring will, in 
general, lead to a proper surface S. If i (p + t) — q = 1 , terms of the second 
degree in x, y can occur in every group above, and if one or, at most, two fac- 
tors of the given form occur, other generators may be selected for replacing in 
o T the one or two cut out by the plane or planes in question and a proper surface 
S will, in general, be thus obtained. If, finally, £ (p + r) — q = , the terms of 
the first degree in x , y all occur in the last group and have x as the only possible 
factor of the required form ; but it has been already seen that a proper surface S 
can in this case always be found. 

There still remain the cases where ^(p + 't) — «i<2, but these can be 
referred, by a change of coordinates, to those already considered. It is clear, 
however, from the forms of the equations of S, as given on page 193, that 
the results obtained above find immediate application here; and, since a±<q, 
only those cases where \ (p + r) — q< 2 demand consideration. The equations 
of S, as well as the fact that the point cut from the double line in the second 
sheet of 2 by the plane y=0 is a point of multiplicity of order c^ > q — 2 on 
the curve $ in that sheet, suggest that in the cases in question the methods fol- 
lowed, without change of coordinates, may lead to the occurrence of the plane 
y = as a component of the surface S. An upper limit for a , which shall 
render this impossible, is readily obtained thus: The term of the equation of <?>, 
in which a, is wanting and v appears to the power a u when multiplied by that 
term of a T , which is of the lowest degree in p, will take the following form for 
substitution : 

if a = 2a i — p; and this condition for % is, then, a sufficient one to insure that 
the equation of the surface S be not reducible by the factor y. This condition, 
in the three most unfavorable cases, takes the forms 

1. S <*, when %(p + r) = q. 

2. d t <* — 2, when \{p + t) = q + 1. 

3. % < * — 4, when \ {p + t) = q + 2. 
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Since the generator (i = is in no way singular on 2 , whatever is true for it 
may, by a change of coordinates, be made to apply, in general, to any other 
generator in the first sheet of 2. And it has been seen that S is a proper sur- 
face at once, save only in those cases where a T contains a certain generator or 
generators, having a particular relation to the curve in question, more than a 
certain easily ascertainable number of times. From the single infinity of gene- 
rators on 2 it will always be possible to make up a T in such a way that these 
exceptional cases may, from the outset, be avoided. 

It is now clear that in every case, in general, where <r is so taken that 
p-\- r>2q, and even, while in addition X = and % < £ (p + r), then can the 
method given be made to determine the equation of a proper surface S of any 
desired order m! = £ (p + <r) + 1 > \p + 1. Since a surface S of order 
h (P + T ) + 1 cannot contain a line of greater multiplicity than ^ (p + t) with- 
out breaking up into surfaces of lower orders, it is evident that S must have 
contact with 2 of order at least as great as one all along the generator jx. = 
whenever 3 == \ (p -f- t) + 1 . Since the generators together make up a total 
order t in the residual intersection, there will be contact between S and 2 all 
along one or more of the generators of 2 in question whenever less than t dif- 
ferent generators enter in ct T , unless the occurrence of one or more of the gene- 
rators in question as multiple lines of S accounts for the entire number of lines 
of intersection by which * exceeds the number of different generators involved 
in 6> T . In general, then, subject to the conditions already given, ct T may be chosen 
to contain any t generators whatever lying in the first sheet of X, or any lesser 
number of generators in that sheet to become, in part at least, multiple lines of 
S, or lines of contact between the two surfaces S and 2 ; but, in every case, the 
total order in the intersection must be r, no generator can be of multiplicity of 
order greater than ^ (p -f -r) on S, and any generator occurring more than 
i (P + T ) times in the intersection is a line of contact of S with 2 . 

If it be desired so to choose a T that a reduction by one or two degrees in 
the order of the surface S be obtained, it is evident that * must be so chosen as 
to make £ (p + r) — q = or 2 for a reduction by unity, or J (p + t) — q = 1 
for a reduction by unity or two. And, further, it must be possible to choose a r 
in such a way that at every point where a branch of the curve <p meets the 
double line, shall occur a pair or pairs of branches of the locus a$ = 0, if the 
reduction is to be by two degrees, or if £ (p + t) — q = and the reduction is 
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to be by unity. Sufficient conditions for the reduction of the order of the sur- 
face S in the special cases, where alone such reduction is possible, will not be 
considered further here. 

The cases where 2, occurs as a factor of all the terms of o T , and where, con- 
sequently, 0! > , can all be solved in a manner entirely similar to that 
already given for the cases where d x = . The term of highest degree in p 
arising in o T <p = from any term G.7i p ~ a ~^ .{i a .v p of <?> = is of the form 
(7'.X p-a_3+ * , ./ti a+T ~ 91 . v*, which, when factored in the manner prescribed for 
substitution, becomes 

0. (iivf. (ZpY— " + 9 '. ({t*)^- p) +—*>, if 0j< i (* —p) + a. 

Since a must take the value a >p — q in some term of <£> = , a sufficient con- 
dition that some term of a T <^> = in this case contain (ix z )% where e > 2, is that 
0i ^ i (l> + *) — <7 — 1 j an d, if 0i — i ( T — 2>) + «i — 1 > where a 2 is the largest 
value assumed by a in the equation of <£>, then will ^ 2 occur in a T <p = while /« 4 
will not occur in that equation. Hence, the condition 6-y > J (p + t) causes 
a r <p = to be at once the equation of the surface S, which may be a proper sur- 
face if a s = p. but will contain as a component the plane x == if <x 2 < p — 1 . It 
will now be supposed that X is allowed to have any value consistent with the 
newly obtained condition, viz., that 

^<\{p + t)-q-l. 



This condition involves that p + r — Qi > 2q, and hence the equation a T __ 0i <p = 
can, when p -f t — ^ is even, like the equation a 7 q> = on page 188, be written 
in the partially substituted form thus : 






Ifp -f * — X be odd, the equation a T - e $ = will take the same form, with the 
exception that an odd instead of an even power of [i is a factor of every group of 
terms save the last, and that the last group of terms has the form A, ."^ t(J)+T _, i _ 1) 

+/ M '^i<j> + T-e 1 -i) J but in either case multiplication by a," 1 + 2 , after the method 
used when X = , leads to the equation of S in the form 
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if % (p +f ) — 0i — otj > 3 ; but in the form 

if i (P + T ) — 0i — «i = 2 5 an d i Q the form 

if i (jp + t) — 0! — aj = 1 j and, finally, in the form 

ifi(p + r)-0 1 -a 1 = O. 

Just as in the case where 2 = , so here it can be shown that neither the first 
nor the last group of terms can fail to occur in the equation of the surface S; 
and, when i(p + r) — q > 1, the surface jtf contains the double line of 2 0i + 2 
times, and has contact of order \ (p + t) — q — 0j — 1 with the first sheet of 
2 all along that line ; similarly, if J (p + t) — q = 0, the surface S contains the 
double line of 2 0i + 1 times and has contact of the first order with the second 
sheet of 2 all along that line. Consequently, the residual intersection is here 
entirely made up in every case, in general, of the double line of 2 occurring 
i (P + *) — 9. + * times in the first sheet and 0j + 2 times in the second sheet 
of 2, and of generators of 2 to the total order * — X introduced byo T _ v 
Hence, the generator of 2 lying coincident with the double line in the second 
sheet enters like any other generator into the residual intersection, so long, at 
least, as 2 has any value within the limits assigned ; and thus this case can be 
included in the general one and the results of the considerations of the nature of 
the surface S, and of the resultant residual intersection in particular, may be 
extended so as to include all cases, without making any distinction between the 
generator in the second sheet of 2 and any other generator of that surface, pro- 
vided only that X and 3 do not exceed the limits £ (p + 1) — q — 1 and 
i {P + T ) + * respectively. Therefore, there may be stated the following 

Theorem : A proper surface S, having for its partial intersection with 2 
any given proper curve of order m on 2, can be found of any desired order 
m' = $ (p -\- <r) + 1» where t > , and p + r>2q and even, whose residual inter- 
section with 2 shall consist entirely of the double line ofZ occurring 4 (p~\-v) — q+1 
times in the first sheet of 2 and twice in the second sheet of 2 , together with arbitrary 
generators of 2 occurring in such manner as to give a total order ofr in the internee- 
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tion, while no particular generator occurs more than % (p + t) — q — 1 times among 
such arbitrary generators. 

In general, o T must have 6 X < £ (p + <r) — q — 1 , and, for values of 0j which 
are greater than zero, the generator in the second sheet of 2 must be regarded 
as occurring B t times in the residual intersection, in addition to the two times 
given in the theorem. That this line always occurs twice in the residual inter- 
section is the natural result of the multiplication of a T ^> = in every case by 7?. 
Also must o T have a < £ (p + t) — 1 , and, if a T introduce only generators in the 
first sheet of 2 which do not meet the given curve on the double line of 2, the 
particular method of substitution given will lead at once to a proper surface S. 
Clearly, by varying the form of o T , an infinite number of such surfaces S of any 
order m' = £ (p + 1) -f- 1 can be found for any given curve $ . 
Williams College, February 1, 1900. 

( To be continued. ) 



